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CLc Abstract 

CD ■ 

j-^^l We consider cones over manifolds admitting real Killing spinors and instanton equations on 

connections on vector bundles over these manifolds. Such cones are manifolds with special 

PsJ \ (reduced) holonomy. We generalize the scalar ansatz for a connection proposed by Harland 

^ ■ and Nolle [1] in such a way that instantons are parameterized by constrained matrix-valued 

functions. Our ansatz reduces instanton equations to a matrix model equations which can be 
further reduced to Newtonian mechanics with particle trajectories obeying first-order gradient 

^q \ flow equations. Generalizations to Kahler-Einstein manifolds and resolved Calabi-Yau cones are 

^^ ■ briefly discussed. Our construction allows one to associate quiver gauge theories with special 

^— V \ holonomy manifolds via dimensional reduction. 



1 Introduction 

Instantons in four dimensions [2] are nonperturbative Bogomolny-Prasad-Sommerfeld (BPS) con- 
figurations solving first-order anti-self-duality equations for gauge fields which imply the full Yang- 
Mills equations. They are important objects in modern field theory [3, 4]. Generalization of Yang- 
Mills instantons to higher dimensions, proposed in [5] and studied in [6]- [12] (for more literature 
see references therein), is important both in mathematics [10, 11] and string theory [13, 14]. Some 
of their solutions on spaces M" with n>5 were obtained in [6, 15, 16]. Constructions of solutions 
to the instanton equations on more general curved homogeneous manifolds as well as on cylinders 
and cones over them were considered in [17, 18]. The construction on coset spaces, many of which 
admit Killing spinors [19], was generalized to cones over manifolds with real Killing spinors [1], not 
necessarily homogeneous (see also [20] about instantons on Calabi-Yau cones and their resolutions) . 
All these solutions were lifted to solutions of heterotic supergravity equations supplemented by the 
Bianchi identity [21, 22, 20, 1, 23]. 

Riemannian manifolds {M^Qj^) with real Killing spinors^ often occur in string theory compact- 
ifications (see e.g. [1, 21, 22, 23] and references therein). These manifolds were classified in [19]. 
Besides the round spheres they are 

• nearly Kahler 6-manifolds M, SU(3)-structure 

• nearly parallel 7-manifolds M, G2-structure 

• Sasaki-Einstein {2m + l)-manifolds M, SU(m)-structure 

• 3-Sasakian (4m + 3)-manifolds M, Sp(m)-structure 

All these manifolds have a connection with a non-vanishing torsion and admit a non-integrable 
-ff-structure mentioned above, i.e. a reduction of the structure group SO(n) of the tangent bundle 
TM to H C SO(n). The above manifolds are equipped with canonical 3-form P and 4-form Q 
defined via the Killing spinors. 

Recall that instanton equations on an (n + l)-dimensional Riemannian manifold X can be 
introduced as follows. Suppose there exists a 4-form Q on X. Then there exists an (n — 3)-form 
*Q, where * is the Hodge operator on X. Let ^ be a connection on a bundle over X with the 
curvature J-'. Then the generalized anti-self-duality equation on the gauge field J-" is [10, 11] 

*J-+*QAJ" = 0. (1.1) 

For n + 1 > 4 these equations can be defined on manifolds X with special holonomy, i.e. such 
that the holonomy group G of the Levi-Civita connection on the tangent bundle TX is a subgroup 
in the group SO(n + 1). On such manifolds any solution of eq.(l.l) satisfies to the Yang-Mills 
equation. The instanton equation (1.1) is also well-defined on manifolds X with non-integrable G- 
structures but then (1.1) implies the Yang-Mills equation with torsion. This torsion term vanishes 
on manifolds with real Killing spinors [1]. 



^A Killing spinor on a Riemannian manifold A'' is a spinor field e which satisfies Vle = iAL • e for all tangent 
vectors L, where V is the spinor covariant derivative, • is Clifford multiplication and A is a constant. If A = then 
the spinor is called parallel, and A is a manifold with special (reduced) holonomy. 



In this paper, we mostly consider X = C{M), where M is a manifold with real Killing spinors 
and C{M) is a cone over M with the metric 

g^=dr^ + r^gM = e^^{dT^ + gM) for r := e^ . (1.2) 

From (1.2) it follows that the cone C{M) is conformally equivalent to the cylinder 

Z = RxM (1.3) 

with the metric 

g^ = dT^+gM. (1.4) 

Furthermore, one can show [1] that the equation (1.1) on the cone X = C{M) is related with 
instanton equation on the cylinder Z = R x M as follows 

*x-^ + *xQx A J- = e("-3)^(*^^ + *zQz A J-) = , (1.5) 

where n + 1 =dimC(M) =dimZ. In other words, eq.(l.l) on C{M) is equivalent to the equation 
on R X M after rescaling (1.2) of the metric. That is why in the following we will consider the 
instanton equation 

*J='+*Qz /\J' = (1.6) 

on the cylinder Z over M. Here we omit the index Z in the star operator. Note that components 
of J-" on the cone can be obtained from those on the cylinder simply via rescaling (1.2). 

In this paper, we generalize the results [1] of Harland and Nolle on investigating instantons on 
cones over manifolds with Killing spinors. First, in section 2, we collect various facts concerning 
nearly Kahler, nearly parallel G2, Sasaki-Einstein and 3-Sasakian manifolds M following mainly 
the description in [1]. We describe metrics on M, canonical connections and various g-forms 
(g = 1, 2, ...) as well as their extension to the cylinder Z = R x M. Then, in section 3, we introduce 
an ansatz for a gauge potential A which reduces the instanton equation (1.6) on R x M to a matrix 
equations on R. Resolution of natural algebraic constraints on the matrices yields further reduction 
to a set of first-order equations on functions depending on r G R. These equations are gradient 
flow equations describing BPS-type trajectories in Newtonian mechanics of particles moving in R , 
where N is the number of functions parameterizing matrices in the ansatz for a gauge potential 
A. Solutions to these equations give instanton solutions of the Yang-Mills equations on R x M 
and their extension to the cone C{M). Finally, in section 4, we discuss some generalizations of our 
construction allowing one to associate quiver gauge theories with such special holonomy manifolds 
as Kahler-Einstein manifolds and resolved Calabi-Yau cones. 

2 Manifolds with Killing spinors 

2.1 Nearly Kahler 6-manifolds 

Consider the cylinder (1.3) with the metric (1.4), where M is a nearly Kahler 6-manifold. It is 
defined as a manifold with a 2-form uj and a 3-form P such that 

dw = 3 *M P and dP = 2a; A w =: 4Q . (2.1) 



For a local orthonormal co- frame {e"} on M one can choose 

^ = el2 + e34^g56 ^^^ p = el35^gl64_g236_g245^ (2.2) 

where a = 1, ..., 6, e"i'""' := e^ A ... A e', and get 

*^p = e^^S + e235 + el36 _ e^^e , Q = ^1234 ^ ^1256 ^ ^3456 _ (2.3) 

Here *m denotes the Hodge operator on M. On Z one can introduce the 4-form 

Qz = dTAP + Q , (2.4) 

which is used in the instanton equation (1.6). 

The canonical connection F on M, which is a metric-compatible connection with totally anti- 
symmetric (intrinsic) torsion, has SU(3) structure group. This connection has components 

^ab = ^ab + 2-^cab ; (2-5) 

where F^^ are components of the Levi-Civita connection and 

Pabc = nl (2.6) 

are components of the torsion T" = ^ T^'J.e^ A e'^ defined from the Cartan structure equations 

de" + f^ A e^ = T" (2.7) 

for basis 1-forms e". 

Note that the structure group of M is SU(3) (or its subgroup) and P induces a G2-structure 
on Z since SU(3)c G2. Recall that Q2 = su(3) © m, dimm = 6, and one can define the generators 
of G2 as 7x7 matrices from so(7) with the commutation relations 

[/„/,] = 44, [I„Ia] = fLh and [laJb] = fab I^+ fable, (2.8) 

where Ij € su(3), la G m and /'s are structure constants of 02- One can choose [1] 

jb _fb T^ = — T"- = 

^ia J ia 1 ^ia -"iO " ' /'O n^ 

jc ]_ fc jb _ fO A^ V • y 

ab 2*'afe ' aO ab "a ' 

and obtain 

Pabc = -Tab ■ (2.10) 

Introducing ^ = (0, a), we can denote matrices in (2.9) as /|^ and lay. The extension of the 
canonical connection F to Z has the same components (2.5) and can be written as 



F = rii (2.11) 



with li given in (2.9). 



2.2 Nearly parallel G2-manifolds 

Let us consider the cylinder (1.3) over a nearly parallel G2-nianifold M. It is defined as a manifold 
with a 3- form P (a G2-structure) preserved by the group G2 C SO (7) such that 

dP = -f *mP (2.12) 

for some constant 7 G M. For a local orthonormal co- frame e", a = 1, ..., 7, on M one can choose 

p = el23 + gl45 _ gl67 ^ ^246 ^ ^257 ^ ^347 _ ^356 (2.13) 

and therefore 

*^p =:Q = e4567 ^ g2367 _ ^2345 ^ ^1357 ^ ^1346 ^ ^1256 _ ^1247^ (2.14) 

It is easy to see that for the choice (2.13) one obtains dP = 4(5, i.e. 7 = 4. The 4- form Qz on Z 
can be chosen similar to (2.4) as 

Qz = dTAP + Q . (2.15) 

This form defines a Spin(7)-structure on Z. 

One can define generators of the group Spin(7) via the structure constants fh,fia and /^^ of 
the group Spin(7) by using the decomposition spin(7) = 02 © vn, as 8x8 matrices li = (7^^) G Q2 
and la = {lav) £ nx , dimm = 7, fi = (0,a). The generators Li, la have the same form as in (2.9) 
but with structure constants /'s of Spin(7). 

The canonical connection F on M is not changed after its extension to Z and has the components 

f = r/, ^ raIf, = r'a, = r'a,+ lPabc (2.16) 



with torsion components 



2.3 Sasaki-Einstein manifolds 



n, = iPabc- (2.17) 



Consider now the cylinder (1.3) with the metric (1.4), where M is a Sasaki-Einstein manifold. It 
is a (2m + l)-dimensional manifold such that the cone C{M) with the metric (1.2) is a Calabi- 
Yau (m + l)-fold [24]. Such manifolds M have the structure group SU(m) cS0(2m -|- 1) and the 
holonomy group of C{M) is SU(m -|- 1). Sasaki-Einstein manifolds are endowed with 1-, 2-, 3- and 
4-forms ry, co, P and Q, which can be defined in an orthonormal basis e^, e", a = 2, ..., 2m + 1, as 

r, = e\ w = e23 + e45 + --- + e2™2™+i ^ P = rjAuj and Q = ^ujAuj. (2.18) 

One can check that r]juj = and 

d?? = 2a; , d*M ^ = '2'm*M V : dP = AQ and d *m Q = (2m. — 2) *j\^ P . (2.19) 

The metric on Z has the form (1.4) with 

9M = (e^f + exp(2/i)5,be"e^ . (2.20) 



Note that for the value of h such that 

2?T7 

exp(2/.) = ^^^^ , (2.21) 

the torsion of the canonical connection on M (and on Z) becomes antisymmetric [1], but we keep 
the one-parameter family (2.20) of Sasakian metric including the case h = when the metric is 
Einstein. Components of the canonical connection T are 

^ ^la — '^ ^ia~^ '~'^IJ,ab i ~'' fia — '^ fj,l — '^ fj,! ^ ^^la ) [2.22) 

where /j, = {I, a) and the torsion of F is 

T^ = A^.e^ A e'' and T^ = -^P^^.e'^ A e^ . (2.23) 

As 4-form Qz on Z one can take [1] 

Qz = exp(2/i)dT A P + exp(4/i)Q , (2.24) 

where P and Q are given in (2.18). 

Let p. = (0, fi) = (0, 1, a). Then one can define generators of the group 5u{m + 1) = su(m) © m 
as {2m + 1) X {2m + 1) antisymmetric matrices li = {I^%) G su(m) and I^ = {IJ^^) G tn such that 
non-vanishing components are 

fi = f^ 

la J la '• 

I\a = -^ Piab = {m + I) ft , -C = C = t , (2-25) 

rl _Tb _ p i f 1 

^ab ~ ^al ~ ^lab — 2 J ah ) 

where f^^, /^j, and /j*^ are parts of the structure constants of su(m + 1). In terms of these matrices 
the canonical connection T on M pulled-back to Z can be written as 



f = rii = ef'flli . (2.26) 

2.4 3-Sasakian manifolds 

Let us now consider the cylinder (1.3) over a 3-Sasakian manifold M. It is defined as a {im, + 3)- 
dimensional manifold such that the cone C{M) over it is a hyper-Kahler (4?tt- + 4)-manifold [24], i.e. 
the holonomy group of C{M) is Sp(m + 1). The structure group of M is Sp(m) and any 3-Sasakian 
manifold can be endowed with three 1-forms r/", three 2-forms w", a 3- form P and a 4-form Q, 
a = 1,2,3 [24]. In a local orthonormal co-frame e",e", a = 4,..., Am. + 3, these forms can be 

written as 

7?i = e\ a;i = e^^ + e^^ + • • • + e^™ 4™+^ + 6^™+^ 4™+3 , 

^2 = e^ , a;2 = e^S _ g57 ^ . . . ^ g4™ 4m+2 _ ^4m+l 4m+3 ^ 

^3 = e3 ^ ^3 ^ g47 ^ g56 ^ . . . ^ ^4m 4m+3 ^ ^Ara+1 Ara+2 ^ (^.27) 

1^123 I l^a A , ,a „„ j /O _ 1 , ," 



P = ^r/^2J + i^a ^ ^a ^^^ Q = i w" A w" . 



The forms r/" and uj°^ satisfy the equations 

dr/" = Ea^p^r]!^ Arj"< + 2a;" , do;" = 2e„^^r?^ A w^ . (2.28) 

We introduce indices ^ = (a, a) and /i = (0, ^) = (0, a, a). Using the sphtting 

sp(m + 1) =sp(m) e m , dimm = 4m + 3, (2.29) 

one can introduce generators /« = {1^%) G sp(m) and la = {IJ^-p) € vn of the group Sp(r7T, + 1) as 
matrices from so(4?tt- + 4). One can take them so that non- vanishing components are [1] 

1^13 ~ ~^Q/37 ~ — 3Pq/3^ = 2 Jai3 ' -'aO ~ "a ; (2.30) 

^ab — ~^ah ~ ~'^"aab = 2 Jab > ^aO — "a 1 

where /'s are the structure constants of the group Sp(rr2 + 1). 

Note that the metric on Z = M x M has the form (1.4) with a one-parameter family 

9M = <5a/3e"e^ + exp(2/i) Sabe'^e^ (2.31) 

of metrics on M. The 4-form Qz can be chosen as 

Qz = i(exp(4/i)a;"Atj"+exp(2/i)ea./37w"Ar/'^Ar/'' + 2 exp(2/i)dr Ar?" Aw" + 6dr Ar?^^^) . (2.32) 

In terms of the matrices (2.30) the canonical connection F on the cylinder Z over a 3-Sasakian 
manifold M can be written as 

f = rii = e^'^^Ii . (2.33) 

It is related with the Levi-Civita connection T by formulae 

_fi' — fa — -ra _i_ op fb_Yb ('234') 

and has the torsion 

T" = 3P«^,e'''^ and T" = |P„^,e'^'^ (2.35) 

which is antisymmetric for the choice exp(2/i) = 2 in the metric. 

3 Instantons in higher dimensions 

3.1 Reduction to matrix equations 

Recall that for all cases of manifolds M considered in section 2 the instanton equation on the cone 
C{M) is equivalent to the equation 

*J^ + *<5z A J" = (3.1) 

on the cylinder Z = M x M with the metric gz = dr^ + qm ■ The explicit form of the 4-form Qz 
on Z was written down for all cases in section 2. Let us denote by G the holonomy group^ of the 



^This holonomy group G is the group G2, Spin(7), SU(m+l) and Sp(m,+1) for cones over nearly Kahler, nearly 
parallel G2, Sasaki- Einstein and 3-Sasakian manifolds M, respectively. 



Levi-Civita connection on C{M) and by H the structure group^ of the canonical connection f on 
M (and also on Z). For the Lie algebras g =LieG and f) =Liei/ we have 

g = f)em, (3.2) 

where m is an orthogonal complement of f) in g. Let e^ = dr and e^ be an orthonormal basis of 
T*Z. Then e^ form a basis of T*M C T*Z and their linear span can be identified with the vector 
space m. 

Consider the generators 

[/„/,] = 44, [/„4] = /r^t and [/^,t] = f;J^ + f;,l (3.3) 

acting on the space V of an irreducible representation of G. These generators satisfy the same 
commutation relations as the generators Ii,Ia- In section 2 we wrote down the realization of these 
generators via the embedding g C so(n+ 1) with n + 1 = dimZ as acting (via infinitesimal rotations) 
on tangent spaces of Z. For this special representation we omit hats and note that F = F^/j is the 
canonical connection whose curvature 

i^ = df + fAf = (dr + i /jfcp A r'')ii (3.4) 

satisfies the instanton equation (3.1) (see [1]). 

Note that instead of tangent bundle TZ one can consider an arbitrary vector bundle V ^ Z 
with the structure group G such that fibres are representations V (real, complex or quaternionic) of 
the group G. For simplicity, we consider irreducible representations V of the group G. The bundle 
V — )• Z is associated with the principal bundle P{Z, G). Since H is a closed subgroup of G, it also 
acts on fibres of V, but in general after restriction to H C G the representation V decomposes into 
a sum of irreducible representations Vq^ of H such that V = (BrVgr- We denoted the generators 
of the group G in the representation V as Jj, I^, where li £ i) and /^ G m for the splitting (3.2). 
Consider a connection 

f := rii (3.5) 

on the bundle V. In general, it is a reducible connection. Here F* are components of the canonical 
connection on the tangent bundle TZ. It is obvious that the curvature i? = dF + FAFofF also 
satisfies the instanton equation (3.1). 

Let us consider matrix- valued functions -^^(t) G End(y) and introduce a connection 

^ := f + X^e" (3.6) 

on the vector bundle V — t- Z. Note that for matrices X^ depending on all coordinates of Z, (3.6) is 
a general form of a connection on the bundle V — ?• Z. For X^ depending only on r, the instanton 
equation (3.1) will be reduced to ordinary differential equations on matrices X^. 

Recall that 

de^' = -t^ Ae'' + T^' = -V A e^//^ + i T^^e'' A e" , (3.7) 



^This structure group is the group SU(3), G2, SU(m) and Sp(m) for nearly Kahler, nearly parallel G2, Sasaki- 
Einstein and 3-Sasakian manifolds, respectively. 



where /^^ are structure constants from (3.3). From (3.6) and (3.7) it follows that 

J- = d^+^A^ = dr+rAf+i([X^,X^]+r;^X,)e^Ae^+X^e°Ae'^+rAe^([/i,X^]-/^^X^), (3.8) 

where Xu = "37^- Note that R = dF + T AT satisfies to eq.(3.1) and J- solves the instanton equation 
(3.1) on Z if there are satisfied the following matrix equations: 

[i„X^]=f^^X,, (3.9) 

[X^, X,] + r;,X. = N^,X^ + /;,A^.(r) . (3.10) 

Here N°^j^ are some constants which we shall specify below for each case, Ni are some f (f))-valued 
functions defined by eqs.(3.10) after resolving the algebraic constraint equations (3.9) and sub- 
stituting their solutions X^ into (3.10). Here f : g — )■ End(y) is a representation of q. For X^ 
satisfying (3.9)-(3.10), we have 

-F = df + fAf + i iVi/;,e^'^ + X,(eO'^ + i N^.e^ , (3.11) 

where the term with /* also satisfies (3.1) due to properties of /* and the last term with X„ 
satisfies (3.1) for choices of N^^^^ specified below for each considered case. Note that the constraint 
equations (3.9) for some examples of groups G and H were discussed and resolved e.g. in [25, 26] 
in the context of the equivariant dimensional reductions on coset spaces G/H. For special cases 
of the ansatz (3.6) instanton solutions were obtained e.g. in [17, 18, 1]. Peculiar property of such 
r-dependent solutions is that they can be lifted to gauge 5-brane solutions of heterotic supergravity 
equations as was shown e.g in [20, 1, 23]. 

3.2 Reduction for nearly Kahler and nearly parallel G2 manifolds 

Consider a manifold M which is nearly Kahler (diniM = n = 6) or nearly parallel G2 (dimM = 
n = 7). For both cases n = a = 1, ...,n with n = 6 or n = 7. Note that the 2- forms 

e^'^-T^Pabce'^ (3.12) 

2p 

solve the instanton equation (3.1) on Z = R x M for Qz and P given in section 2. Here p = 2 
for n = 6 and p = 3 for n = 7. The generators la introduced in (3.3) are images of the 2-forms 
(3.12) under the metric-induced isomorphism A^Z = so(7) D 02 ^ Tn for n = 6 and A^Z = so(8) D 
spin(7) D m for n = 7. 

For both the nearly Kahler and nearly parallel G2 cases we have 

n-, = -ft and K, = y^,, (3.13) 

where A'^^^ are defined by comparing the components of J- in (3.11) and the explicit form (3.12) of 
(parts of) anti-self-dual forms on Z. Thus, we obtain the following matrix equations: 

[Ii,Xa] = ftXb, (3.14) 

[Xa, Xt] = fUXc + \X,) + fl,N,{T) . (3.15) 



Substituting the ansatz Xa = (j)Ia with a real function </>(r), we see that (3.14) are satisfied and 
(3.15) are reduced to the equation 

(/. = 2(^(0-1) (3.16) 

obtained in [1] and for Ni we obtain Ni = (jP'Ii. More general equations can be obtained by choosing 
more general solution of the constraint equations (3.14). Such solutions for different choice of groups 
G and H were discussed e.g. in [25, 26]. Constructing solutions to eqs. (3.9), (3.10) goes beyond 
the scope of this short article. This task will be considered elsewhere. 

3.3 Reduction for Sasaki-Einstein manifolds 

Consider Z = MxM with a Sasaki-Einstein manifold M. In this case /i = (1, a) with a = 2, ..., 2ra+l 
and the 2-forms 

e°^ ^—uJabe'''' and exp(/i)(eO'^ + w^fee^^) (3.17) 

m+1 

solve the instanton equations (3.1) with Qz given in (2.24). From (2.23), (3.8) and (3.17) we obtain 

Ta\ = -/a\, T'ib = -fib. Nl, = ^—fl, and AT-, = ^^ /«, . (3.18) 

m + 1 m + 1 

Substituting (3.18) into (3.9)-(3.10), we obtain 

[/,,Xi]=0, [h,Xa\ = flX,, (3.19) 

[X^.Xa] = fUXb + ^- X,) . (3.20) 

m, + 1 

[Xa,Xt,] = fl,{X^ + -1^ Xi) + fl,N,(r) . (3.21) 

If we choose Xi = xh and Xa = ipla then (3.19) are satisfied, for Ni we obtain Ni = ip'^Ii and 
(3.20)-(3.21) are reduced to the equations 

X = (m + l)(V'^-x) and V' = ^^^V'(x - 1) (3-22) 

coinciding with those obtained in [1]. Note that (3.22) is a gradient fiow equation 

^i^gij^ for W = {x^f -2x\x^f + 2{x^f-l, i,j = 1,2, 
ox^ 

for the metric on M? of the form 

ds^ = gMdx^ = -^{dx^f + J!I^(dx2)2 
m + 1 m + 1 



with x^ := X and x'^ := tp [1]. 



3.4 Reduction for 3-Sasakian manifolds 

For Z = M.x M with a 3-Sasakian manifold M we have n = (a, a), a = 1,2,3 and a = 4, ...,4m + 3. 
One can check that the image of the generators la from (3.3) under the map into A'^Z = so(4?tt-+4) D 
sp{m + 1) D m is given by the 2-forms 



e 



0" _ i e . c/57 arirl o^r./'^VcO" _L,.,°.c°* 



^Ea^^e"^ and exp(/i)(e"" + w^^^e"") (3.23) 



which satisfy to eq.(3.1) with Qz given in (2.32). From (2.30), (2.35), (3.8) and (3.23) it follows 
that 

rpa 3 j^a rpb rb rpa j^a /o nA\ 

-'-at — ~2 Jab ^ -'■ a(3 — Ja/B ) -^ /37 — ~//37 ) l-J-^^J 

N',^ = f^^ and N;^, = y^, (3.25) 

with other components vanishing. Substituting (3.24)-(3.25) into (3.9)-(3.10), we obtain 

[i„Xa] = 0, [i,,Xa] = ftXb, (3.26) 

[X^,X(,] = f2f,{X, + ^X,), [Xa,X(,] = f%{X, + X,) , (3.27) 

[Xa,X,] = f:,X^ + fl,N,{T). (3.28) 

If we choose the ansatz X^ = x^a and Xa = ipla then (3.26) will be satisfied identically, from 
(3.28) we obtain Ni = ■ip'^Ii and (3.27)-(3.28) reduce to the equations 

X = 2x{x - 1) , ^ = V^(X - 1) and x = V'' , (3.29) 

where the last algebraic equation follows from (3.28). These equations coincide with those ob- 
tained in [1]. Thus, our ansatz (3.6) which leads to matrix equations (3.9)-(3.10) generalizes the 
"scalar" ansatz of the paper [1] and allows one to obtain more general instanton solutions. However, 
obtaining explicit instanton solutions lies beyond the scope of our paper. 

4 Generalizations: quiver bundles 

4.1 Smaller groups H 

Recall that we considered nearly Kahler, nearly parallel G2, Sasaki-Einstein and 3-Sasakian mani- 
folds M with the structure groups SU(3), G2, SU(m) and Sp(m), respectively, following to Harland 
and Nolle who considered in their ansatz [1] exactly the above groups with generators in the defin- 
ing vector representation of the group SO(n + 1) Z) H, i.e. V = R"'^^ with n = 6,7, 2?tt, + 1 and 
Am + 3, m = 1,2, ... . However, the group H can be smaller than the above-mentioned Lie groups, 
i.e. often H lies inside the group SU(3), G2, SU(m) and Sp(m), respectively. In this case, the 
constraint equations (3.9) become weaker and allow more degrees of freedom in matrices Xa. For 
instance, for the nearly Kahler coset space 

M = SU(3)/U(1) xU(l) (4.1) 
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the structure group is H = U(l)xU(l) that increase the number of functions parameterizing the 
ansatz (3.6) even for vector representation 1/ = M'^ = M © C^ with Q2 D su(3) = u(l)©u(l)©m. 
Writing the ansatz (3.6) in terms of 5u(3)-valued matrices Xa, one can resolve (3.9) as 



Xi 



Xo 




X, 



Xa 




X. 



Xa 




(4.2) 



where (/>i , (^2 ; </'3 are complex- valued functions of r and the generators Jy^g of the subgroup U(l)xU(l) 
of SU(3) are chosen in the form 



I7 




and 



/s 



1 



^2 0^ 
0-1 
v3 Vo -l. 



Substituting (4.2) into (3.15), we obtain equations 

4>l = -2(/'l + 202<^3 , 4>2 = -202 + 20103 , 03 

and constraints 

Nj = ^It , Ns = -\/3$ Is with <I> = 0i0i : 



-203 + 20102 



y2<P2 



0393 



(4.3) 



(4.4) 



(4.5) 



for a proper normalization of the structure constants. From (4.5) we see that complex-valued 
functions 0i, 02, 03 can differ only in their phase parts. For 0i = 02 = 03 =: eqs.(4.4) reduce to 
eq.(3.16) on a real- valued function 0. 

4.2 Reducible representations of H and quiver bundles 

Similar situation takes place for nearly parallel G2-manifolds, where as an example one can consider 
the Aloff-Wallach space SU(3)/U(1) with the structure group H = U(l) (see the second paper 
in [18] for discussion of solving eqs.(3.14)), and also for Sasaki-Einstein and 3-Sasakian manifolds 
the structure group H can be a closed subgroup of SU(m) and Sp(m), respectively. Even more 
freedom appears if one considers an irreducible representation V of the holonomy group G of the 
cone C{M) which decomposes into a sum of irreducible representations Vq^ of the group H, 



V = <3) Vq^ with > Qr = Q 

r=l — f 



(4.6) 



so that 







r=l 



... \ 



■•• 

irj 



(4.7) 
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(' 


tQ12 




/a^" \ 


J 


ir 









La = 








j-Ql-ll 




[I'a'' 






/ 



Here J^?'' are generators of qr x q^ irreducible representations Vq^ of H and V = C^ (or W or 
jjg ^ ]r4<7-j^ j£ ^g assume that H contains a maximal abelian subgroup of G then the remaining 
generators la of G in this representation have the off-diagonal form*^ 



(4.8) 



where la"^" are qr x qg matrices (cf. [12]). 

Thus, one can associate a bounded quiver^ satisfying a set of relations R to the ansatz (3.6) for 
a connection on a vector bundle V — )■ C{M) over nearly Kahler, nearly parallel G2, Sasaki-Einstein 
and 3-Sasakian manifolds. In the simplest case of generators (4.7) the matrices Xa solving the 
constraint equations are obtained from (4.8) by substituting cprslT" instead of li'''' , where (prs are 
complex functions of r. Important fact is that the space C{M) is not homogeneous and therefore 
quivers and quiver bundles can appear in dimensional reduction without G-equivariance condition 
studied earlier e.g. in [25, 26]. Recall that another way in which quiver gauge theories arise as 
low-energy effective field theories in string theory is through considering cones and orbifolds with 
conical singularities and placing D-branes at the orbifold singularities [28]. Our constructions can 
be lifted as in [23] to heterotic strings and provide a description of NS5-branes and gauge NS5- 
branes. It would be of interest to study further this brane interpretation and its possible relations 
with constructions of [28]. 

4.3 Kahler-Einstein manifolds and quiver gauge theories 

As another example related with quiver gauge theories we consider the manifold 

y = j:xX, (4.9) 

where S and X are 2-dimensional and 2/c-dimensional Kahler-Einstein manifolds with the Kahler 
form oj on T, and il on X. Let F be the canonical u(A;)-valued Levi-Civita connection on X, 

f = rii with ii £ u{k) . (4.10) 

We consider U(A;) as a closed subgroup of the Lie group SU(/c -|- 1). Let V = C^ he an irreducible 
representation of the group SU(A; -|- 1) decomposed into a sum of irreducible representations Vq^ = 
C^^ of the group U(/c) as in (4.7) and V — )• A' is a holomorphic vector bundle over X associated with 
the bundle P{X, U(A;)) of hermitian frames on X. This bundle has the connection (4.10) which is 
reducible according to (4.7), V = ©rVg^. 



*If H does not contain a maximal abelian subgroup of G or there is a subgroup in G commuting with H then la 
in (4.8) will contain diagonal terms /''"'" with r = 1, ...,l. 

A quiver Q = (Q", Q^) is an oriented graph, i.e. a set of vertices Q with a set Q of arrows between the vertices 
(see e.g. [27]). A path in Q is a sequence of arrows in Q^ which compose. A relation of the quiver is a formal 
finite sum of paths. In our case vertices correspond to vector bundles Vq^ with fibres Vq^ and arrows correspond to 
morphisms Vq^ — )• Vq^ of vector bundles. 
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Consider now £ complex vector bundles Ei,...,E^ over S with unitary connections A^,...,A 
and ranks Ni, ..., N£. Introduce a complex vector bundle £ = (Br E^^Vq^ over S x Af of rank 



iV = ^ iV^g^ 



(4.11) 



r=l 



and assume ci(iS) = without loss of generality, so that the structure group of £ is SU(iV). The 
matrices 

(In,® IT ... \ 



h-.-- 











(4.12) 



V ... 1n,®ITJ 

are generators of a reducible unitary representation of the group U(A;) on the complex vector space 
V = C^. Introduce a gauge connection 



A 



(A^ ® Ig, 


V 



\ 



A^® Igj 



(4.13) 



on the bundle E := ©^ Er O C^'' over S. It is obvious from (4.13) that [A, Ij] = 0. 
On the bundle £ ^ y we introduce a connection 

A = A + rii + X^e" , 



(4.14) 



where Xa G su(A^) are matrices which depend only on coordinates of S and e" is the basis of 
1-forms on X, a = 1, ..., 2k. Note that 



de" = -r^Ae'' = -/fftr Ae^ . 
Using (4.15), for the curvature J-" of the connection (4.14) we obtain 



(4.15) 



J^ = dA+AAA = F+R+{dXa + [A,Xa])Ae'' + ^[Xa,Xb]e''Ae^ + {[Ii,Xa]-f!:aXh)rAe\ (4.16) 



where 



F = dA + AAA , i? = dr + r A r and T := T/i 



Suppose that Xa satisfy the constraints 



[Ii,Xa] — fiaXb 



and impose on J^ the Hermitian- Yang-Mills equations [7] 

> dXa + [A^'\Xa]=0, [^4,^^1=0 



J^°'2 = 



+ n)jj^ = o 



«/3 



J'a^ + Xl0 + n'"'[Xa,Xh]=0. 



(4.17) 
(4.18) 

(4.19) 
(4.20) 
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Here d + A9'^ is the anti-holomorphic part of the covariant derivative on S, 

the constant A is proportional to the scalar curvature of the Kahler-Einstein manifold X, ojap and 
^ab are components of the Kahler forms on S and X, Iq is the u(l) generator in the decomposition 
u{k) = u(l) e su(/c) C su(/c + 1), a,/3 = 1,2 and A, B, ... = 1, ..., k. We see that (4.19)-(4.20) are 
the usual quiver vortex equations on S (cf. [12, 26]).^ For k = 1 and X = CP^, one can obtain [29] 
the standard vortex equations on a Riemann surface S. One can generalize the above construction 
by taking instead of S a Kahler-Einstein manifold of dimension more than two. 

4.4 On instantons on smooth manifolds 

It is of interest to extend the ansatz for a connection A from cones to their smooth resolutions 
as it was proposed in [20] as well as from direct product manifolds, such as y in section 4.3, to 
irreducible smooth manifolds with warped product metrics. This is possible. 

For illustration we consider non-compact Calabi-Yau (k + l)-folds Z discussed in [20]. They 
have a metric 

d«~' = 727T+^'/'(r)r/2 + 2r2d4^, (4.21) 



where 



f=^-(i'r\ (4^22) 






dsj^^ is the standard Kahler metric on a Kahler-Einstein manifold X which is the base manifold 
for a projection 

TT -.X' -^ X (4.23) 

from Sasaki-Einstein (2A; + l)-manifold X' onto X and rj is the 1-form along fibres of the projection 

(4.23). 



Note that 
with 



ds^ = r^ ds^ , (4.24) 



„2 _ dr 2 2 , nj„2 _ dr 22 , o^„2 



ds = ;y^ + / r + 2ds^^ = — + f'r]' + 2dsi,E , (4.25) 

i.e. ds^ is conformally equivalent to ds^. Singularity of the transformation at r=0 is not essential 
since we are interested in Yang-Mills instantons on the manifold with the metric (4.21) extendable 
smoothly at r = 0. Note also that the instanton equation on Z is invariant w.r.t. conformal 
transformation, 

iF + iQz A F = iF + {id + n)''-^ A F = r^^^^-^) (*F + {uj + Q)''~^ a F) = , (4.26) 

since 

Cj + n = r^{uj + n) (4.27) 



^Note that the last equations in (4.19) correspond to quiver relations. 
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and * = r'^^ ^'*. Here w = dr A 77 and il is the Kahler form on X "^^ Z. 

Ansatz for A on the space Z' with the metric (4.25) is the same as in (4.14) and lead to the 
same reduction (4.19)-(4.20) of the instanton equation. Solving these vortex equations, one obtains 
instantons on Z. One can simplify the task assuming that Arj and Xa depend only on r = Inr 
and choosing Ar = 0. Then (4.19)-(4.20) will be reduced to equations similar to those which were 
considered in [20]. 

5 Conclusions 

We have examined in some detail the construction of instantons on cones C{M) over nearly Kahler 
and nearly parallel G2-manifolds M initiated in [17, 18] and extended to cones over Sasaki-Einstein 
and 3-Sasakian manifolds in [1, 20]. Having at our disposal a reduced structure group H oi a man- 
ifold M admitting real Killing spinors and the holonomy group G of the cone C{M), we introduced 
a quiver bundle V over C{M), determined entirely by the representation theory of the group G and 
H, and introduced a proper connection A on this bundle. The ansatz for A reduces the instanton 
equations on C{M) to simpler matrix equations which can be solved in many special cases. It is of 
interest to construct new instanton solutions on C{M) by using our generalized ansatz, and to lift 
them to solutions of heterotic supergravity along the way considered in [1, 23]. 

We have also introduced a quiver bundle £ over a Kahler-Einstein manifold of the form T, x X 
and extended the Levi-Civita connection on the 2A;-dimensional Kahler-Einstein manifold Af to a 
connection on £ parameterized by 2k matrices Xa- We established an equivalence between solutions 
of Hermitian- Yang-Mills equations on S x Af and solutions of some quiver vortex equations on E. 

Recall that regular Sasaki-Einstein manifolds are U(l)-bundles over Kahler-Einstein manifolds 
and cones over them are Calabi-Yau spaces. Using this correspondence, we have introduced a 
connection on a quiver bundle £ over smooth resolutions of (2/c -|- 2)-dimensional Calabi-Yau cones. 
It is of interest to consider instantons on other special holonomy manifolds.'^ We hope to report on 
this in the future. 
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